We consider an indecomposable representation of a cyclic p-group Z p r over a field of characteristic p. We show that the top degree of the corresponding ring of coinvariants is less than
Introduction
Let V denote a finite dimensional representation of a finite group G over a field F. The induced action on the dual space V * extends to the symmetric algebra S(V * ) of polynomial functions on V which we denote by F [V ] . The action of g ∈ G on f ∈ F[V ] is given by (g f )(v) = f (g −1 v) for v ∈ V . The ring of invariant polynomials
is a graded, finitely generated subalgebra. A classical problem is to determine F[V ] G by describing generators and relations for a given representation. An important related aspect of a representation is its Noether number, denoted by β(V ), which is defined to be least integer d such that F[V ] G is generated by homogeneous elements of degree less than or equal to d. A classical theorem of Noether [12] states that β(V ) ≤ |G| whenever F has characteristic zero. This result has been generalized to all non-modular characteristics (|G| ∈ F * ) by Fleischmann [8] and Fogarty [10] . Knowing the Noether number is extremely useful for computing a generating set because then the problem is reduced to finding invariants in a finite dimensional vector space. Unfortunately, as first observed by Richman [13] , in the modular case (|G| is divisible by the characteristic of F) there is no bound that depends only on the group order. In fact, Symonds [17] has recently established that β(V ) ≤ max{(dim V )(|G|− 1), |G|} for any representation V of any group G. Hence the Noether number is often much bigger than the group order, and even worse, the degrees of the generators increase unboundedly as the dimension of the representation increases. It is perhaps not surprising then, that the invariant ring is difficult to obtain even in the basic modular cases: Consider a representation of a cyclic p-group Z p r over a field of characteristic p. Up to a change of basis, a generator of the group acts by a sum of Jordan blocks of sizes at most p r . Although the action is that easy to describe, an explicit generating set for F[V ] Z p r is known only for a handful of cases. For r = 1 this rather short list consists of indecomposable representations up to dimension nine and decomposable ones where each indecomposable summand has dimension at most four, see for instance [1, 2, 4, 5, 14] and [18] for a selection of cases. For r = 2, Shank and Wehlau [16] give a generating set for the invariants of the p + 1 dimensional indecomposable representation. To the best of our information, no explicit description of a generating set exists for the invariants of any other faithful representation of Z p r . Nevertheless, β(V ) has been computed for every representation of Z p in [7] . It is in fact 2 p − 3 for an indecomposable representation V with dim(V ) ≥ 4. Also in [11] , an upper bound for β(V ) that applies to all indecomposable representations of Z p 2 is obtained. This bound, as a polynomial in p, is of degree two. Based on these results for r = 1, 2, it is conjectured in [11, Conjecture 10] that β(V ) of a modular indecomposable representation V of Z p r is bounded above by a polynomial of degree r in p. Note that the bound in this conjecture is a substantial improvement of the bound in Symonds's theorem which gives a polynomial of degree 2r in p for this situation. This paper goes in the direction of providing more ground for this conjecture and establishes it for the special case of regular representations.
The Hilbert ideal, denoted by
is a finite dimensional vector space. Let Im Tr G denote the image of the transfer map Tr G : [7] and [11] . This paper is initiated by observing that the polynomials that are used to squeeze the top degree of F[V ] Z p and F[V ] Z p 2 can be extended to the general Z p r case by considering arrays of orbit products with respect to the subgroups of Z p r , rather than considering just monomials, and then by applying the corresponding relative transfers. Most of our work in this paper is devoted to the computation of the leading monomials of these generalized polynomials. We obtain that the top degree of
for a modular indecomposable representation of Z p r , see Theorem 5. On the other hand a result of Fleischmann et. al. [9] states that the invariants of the modular regular representation of Z p r modulo the ideal Im Tr Z p r is (up to a scaling) the invariant ring of the regular representation of Z p r−1 . Therefore the bound for the top degree of coinvariants is quickly seen to bound the Noether number of the regular representation as well, see Corollary 6. Finally, we point out that this provides further support for [11, Conjecture 10] : In [15] it is shown that the Noether number of a modular representation of Z p is bigger or equal to the Noether number of all its subrepresentations. In particular, the Noether number of the regular representation is the supremum of the Noether numbers of all indecomposable representations. If this property were true for an arbitrary cyclic p-group, which is a very natural thing to expect in our view, then Corollary 6 would imply that the conjecture is true.
Coinvariants of cyclic p-groups
Let p > 0 be a prime number and F be a field of characteristic p. We also let G denote the cyclic group Z p r of order p r , where r ≥ 1 is an integer. Fix a generator σ of G. There are p r indecomposable representations V 1 , V 2 , . . . , V p r of G over F, where the action of σ on V n for 1 ≤ n ≤ p r is given by a Jordan block of size n with ones on the diagonal. Note that V p r is the regular representation of G. For rest of the way we assume that p r −1 < n because otherwise the order of the Jordan block is strictly less than p r and hence the action is not faithful. For a reference for these facts we direct the reader to the introduction of the recent article [16] . Let e 1 , e 2 , . . . , e n be the Jordan block basis for V n with σ (e i ) = e i + e i+1 for 1 ≤ i ≤ n − 1 and σ (e n ) = e n . Let x 1 , x 2 , . . . , x n denote the corresponding elements in the dual space V * n . We use a graded reverse lexicographic order on
. . , x n is a Jordan block basis in the reverse order.
For simplicity we use the generator σ −1 instead of σ and write σ for the new generator. For 0 ≤ i ≤ r , let 
Notice that we have
where α denotes the k( p − 1)-tuple such that
We note a couple of well known facts that we use in our computations. 
Lemma 1 i)
Proof Since the subgroup of G of order p r −k is generated by σ p k we have
x j i + p a i −2 + · · · for any non-negative integer j, from the previous lemma we get
Since 0 ≤ i ≤ w, a i is at most k − 1 and so
as desired. We now construct a polynomial which is our main tool to bound the top degree of coinvariants. We note that it is a generalization of the polynomials in [7, 3.1] and [11, Proposition 2] to the general Z p r case. For a subset S ⊆ {0, 1, . . . , w} let W S denote the product i∈S N r −k j i + p a i . We also let S denote the complement of S in {0, . . . , w}. Similarly, let X S denote the product
We prove that the leading monomial of T is m. We first show T can be written as a combination of v α 's modulo the ideal I d− p+2 such that α(i) ≥ 1 for 0 ≤ i ≤ w.
Lemma 3 We have
.
By the previous lemma we have X S ≡ W S and X S ≡ W S . Furthermore, since I d− p+2 is closed under the action of σ and σ is a ring homomorphism we get
We also have 0 ) ).
Hence the identity for c α follows. We also get that v α does not appear in
Lemma 4 We have c α = 0. Moreover, the leading monomial of T is v α = m.
Proof Since v α is a higher ranked monomial than all the monomials in I d− p+2 , it suffices to compute c α for which v α / 
Second part of Lemma 1 gives
It follows that 0≤i≤w 
, as a polynomial in l k−1 , is of degree at most p − 1. Then from the first part of Lemma 1 it follows that it is of degree p − 1 and hence 
Furthermore, just as we saw for l k−1 , the degree of the
should be a multiple of p − 1 by Lemma 1.
This completes the induction and we obtain the second statement of the lemma. 
.
It turns out that the bound we obtain for the top degree of coinvariants is also a bound for the degrees of the generators of the invariant ring of the regular representation V p r .
Corollary 6
We have β(V p r ) ≤ (r 2 +3r ) p r 2
.
Proof We proceed by induction on r and the case r = 1 has been settled in [7] . 
